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GRAPHICS DISCLAIMER

All figures, graphics, tables, equations, etc. merged into this
translation were extracted from the best quality copy available.




I. INTRODUCTION

With regard to cases which do not give consideration to
orbital perturbations, research results associated with optimum
transfer problems between two circular orbits have been quite
numerous. Among them, the most famous and practically useful are
dual tangential plans. The plans in question are designs which,
in accordance with dual impulse methods (dual pulse type), make
spacecraft realize transfer energies from one circular orbit (the
initial orbit) to another circular orbit (the final orbit) most
economically. The basic points are described below. First of
all, when the spacecraft moves along the initial orbit to the
intersection line of the planes of the two circular orbits (first
orbital change point), it enters into the first orbital change
(applying the first impulse). This causes it to transfer into
élliptical orbit (dual tangential transfer orbit) motion with
apogees and perigees respectively on the two circular orbits.
After that, waiting until when the spacecraft moves along the
elliptical transfer orbit to the location of the terminal orbit
(Also on the intersection line between the planes of the two
circular orbits. This second orbital change point and the first
orbital change point are respectively set on the two sides of the
center of the earth.), it then enters into the second orbital
change (application of the second impulse), making it transfer
into terminal orbit motion. The essential elements of the planes
of the elliptical orbits in question (that is, angle of
inclination and ascending nodal point right ascension) are
dependant on the key orbital elements of initial orbits and
terminal orbits (radius, angle of inclination, and ascending node

right ascension). Sspecific values are determined in accordance

with optimized conditions.

However, the results discussed above are only capable of
acting as one type of approximate solution for actual orbital
transfer problems. Because the gravitational field of the earth
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orbital maintenance systems to provide their elimination. It is
also necessary to put forward that, with regard to flattening
perturbations associated with the earth, consideration is only
given to the two primary effects of orbital plane forward motion

and perigee (line of apsides) rotation.

II. DETERMINATION OF KEY DUAL TANGENTIAL OPTIMAL TRANSFER
ORBITAL PLANE FACTORS

If one wants to determine optimal transfer plans to be
realized along dual tangential elliptical orbits between two
circular orbits in accordance with dual impulse methods, one
first of all needs to solve for the key elements associated with
the planes of the transfer orbits in question.

Assume that the key orbital elements of the two circular
orbits--initial orbit and final orbit--are, respectively as
follows.

Initial orbit radius is R1. Angle of inclination is il.
The ascending node right ascension associated with instant t
osculating orbits is Q1.

Final orbit radius is R2. Angle of inclination is i2. The
ascending node right ascension associated with instant t
osculating orbits is Q2.

Note that dual tangential elliptical transfer orbit
semiparameter is PT. Eccentricity is eT. Angle of inclination
is iT. The ascending node right ascension associated with
instant t osculation orbits is QT. Perigee angular distance
(measurement from ascending node to perigee point along the
direction of orbital movement) is o1

In accordance with the meaning of dual tangential, it is

possible to know that

2R, R,

ProR +R, (1)




IR, = R.|

e —

(2)

In accordance with research results [1,2] associated with
pulse type orbit changes, in regard to the two velocity

increments lAfﬂL and |A52| , they are, respectively,

P (3)

(e

— 2R, 2R, ‘
AV =V, {i +EF_E' —2<_R_:_+_£:> x [cosi .cosi + sini  sini cos(Q —Q”)j}

1
2R, 2R, 2 ;
1+ ) -2 R ER. x [cosi .cosi, + siniTsinizcos(Qn —Qn)}} (4)

In the equations, V1 and V2, are, respectively, revolving
velocities (VV/V2=(R2/R,ﬁ) ; QTl and Q11 are,
respectively, the ascending node right ascensions associated with
transfer orbits for the first orbital change instant and
respective osculating orbits associated with initial orbits. QT2
and Q22 are, respectively, the ascending node right ascensions
associated with transfer orbits for the second orbital change
instant and respective osculating orbits associated with final
orbits. Besides this, note that the ascending node right
ascension associated with the first orbital change instant final
orbit osculating orbits is Q21. It is possible to take note of
the fact that there is no clear functional relationship between
equation (3) and equation (4) and transfer orbit perigee angular
distances. However, this is certainly not to say that changes
associated with transfer orbit perigee angular distances do not
make velocity increments needed for orbital changes (below we
will see the influences On N values) give rise to
alterations.

In situations associated with opting for the use of dual

tangential transfer plans involving the shortest time periods
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(that is, setting out from the first orbital change point along
dual tangential transfer orbits and applying second orbital
changes when first reaching final orbits), due to perturbation
effects associated with movement forward along the planes of
relevent orbits given rise to by earth flattening and angular
perigee distance alterations, these two will lead to the forms of

relationship set out below /15

Qn=Qn+’rQr (5)

Qll:Q'.?l +ITQ2
(6)

In the equations, QT and Qz are, respectively, rates of

change associated with ascending nodes of transfer orbits and
final orbits. tT is the time gone through in moving along
transfer orbits from first orbital change points to second

orbital change points.
(7)

Q 10 2R\ o ©
;= R, +R, cosi. /D (" /5)

. R 3.5
Q. = - IO(R—'-) cosi, / D ((0) / 8)
(8)

In the equations, Re 1s global equatorial radius; D is mean

solar day (using seconds as measurement).
tT requires considering changes in perigee (or apogee)

angular distances, that is, half periods when orbital

perturbations exist where tT will deviate from transfer orbits.

Under conditions where orbital period changes given rise to by

flattening earth effects are ignored as well as assuming that

surface areas and velocities are still maintained as fixed values
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along orbital motions, tT can be calculated in accordance with
the equation below (in the vicinities of second orbital change

circular arcs are taken to replace transfer orbits)

R’ !
2%5=TT[L—@T - lTT] (9)
180(R, + R,)(R, R,)

points,

In the equation, 180 is actually 180 degrees. TT is the period

associated with transfer orbits. W is the rate of change

oriated with transfer orbit perigee (or apogee) angular

ass

distances.

3 1

r(R,+R)) 1z (10)
To=2m }2 (S)

; 2R, Y scos’i)/ D (7/8)

;=3 Rl+R2) (1= Scos i) ~ (11)

In the equations: K is the earth's gravitational constant.

o equation (11),
depend on the key transfer orbit
amounts of

From equation (3) t it is possible to see

that IAVU and lA?:l
plane elements iT and QT1

e energy associated with dual tange
t value equations of the

With a requirement that
orbital chang ntial transfers

be minimal, iT and QT1 should satisfy limi

forms set out below

i (12)
al .
_aL-::
0 0
Tl (13)

In the equations: £ is the sum of velocity increments associated

with dual orbit changes.




=1V | +187,) (14)

In this way, it is possible in the end to obtain the two
/16

fixed solution equations

[ .. ) .. ( )] v, R,
sini .cosi, — Cos! sinl . cos ‘2 -Q | — .
T 1 O Tl 1 MV,lRl (15)

- 2
= — sr A . . . -‘ - . o o . — T
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-

In the equations:

(17)
0 2R, \_
o = 10k m) sini . / D(1/5)
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ks A : 1—o 2T T / ()
i, 2 T : al =/
360(R +R2)(Rle)2 180(R, +R2)(R1R:)2 T ' (18)
’iv, IR 5 .
7 = — 50k m) smzrcoszT/D(l /8)
(19)




k is the conversion coefficient, equaling 0.0174533 (1/°).
This is due to angles in this article all opting for the use of
degrees as units of measurement. In equation (18), 360 and 180
are really 360 degrees and 180 degrees.

Making use of equation (3) to equation (11) as well as
equation (15) to equation (19), through numerical value solution
methods, it is possible to specifically solve for the values of
iT and QT1 . From this, specific determinations are also then
made for key transfer orbit plane elements associated with dual
tangential optimal transfer plans. The precise determination of

orbit change points is discussed below.

III. PRECISE DETERMINATION OF DUAL TANGENTIAL OPTIMAL TRANSFER

ORBITAL CHANGE POINTS

After solving for key transfer orbit plane elements

associated with dual tangential optimal transfer plans, use is

of the first orbital change point, which should be on
nsfer orbit planes,

made
intersection points of initial orbit and tra

and of second orbital change points, which should be on

intersection points of final orbit and transfer orbit planes. It

is not difficult to precisely determine their locations [21.

First orbital change points, at angular distances 0, on

osculating orbit planes associated with initial orbits for orbit

n the orbital planes in question, angles

change instant t (withi
long the direction of

measured beginning from ascending nodes a

motion) are determined by the equation below

sini _sin(Q, —Q, )cosb + [cosirsinil —sini _cosi cos(Q,, — Q“)] sinff, =0 (20)




Second orbital change points, at angular distances 16, , on
osculating orbit planes associated with final orbits for orbit
change instant t (within the orbital planes in question, angles
measured beginning from ascending nodes along the direction of

motion) satisfy the equation below

sini .sin(§2 5, — Q?_,)cosfl2 + [cosz'Tsini2 — sini_cosi,cos(Q , — sz)] sinf, =0 (21)

Making use of equation (15) and equation (16), it is possible to
prove that, in situations where orbital perturbations are not
considered, first orbital change points afe, in fact, located /17
on intersection points between initial orbit and final orbit
planes. However, when orbital perturbations are figured in, due
to the existence of QT and o, , first orbital change
points are certainly not generally located right on the
intersection points of initial orbit and final orbit osculating

orbit planes associated with orbital change instants.

From equation (20), it is possible to know that 6 has two

values. From equation (21), it can also be seen that 6, has two

solutions as well. As far as specific selections are concerned,
they should work in concert with 0, in order to satisfy the
requirements of dual tangential transfer orbits. With regard to
this, this article does not make a detailed discussion.

At this point, dual tangential optimal transfer plans have

been completely determined.

IV. SPECIAL SOLUTIONS

With regard to the special case where i2 = 0°, from equation

(16), it is possible to immediately obtain

Q, =9, (22)




Equation (15) simplifies to become

(—k—z-) sin(/, —i.)
1
2R, 2 2
o 2 ..
[1 R, +R, '<R1+R2>cos(1‘ ’T)}
1
RI : ..
-IET sini .

LR 2R
+ —
R *R, (Rl-f-Rz

(S

Ll Kot

; (23)
cosiTJ

Although, as far as equation (22) and equation (23) are

concerned, results are the same as when orbital perturbations are

not figured in, QT2, however, is certainly not the same as QT1

From equation (20) and equation (22), it is also possible to
obtain

sm0l=0 (24)

that is, 9, can be taken as 0° or 180°

From equation (21), it 1is p0551ble to obtain (because iT iff'

0°)

sin(0, -Q_, +9Q,,)=0 (25)

Due to first orbital change points being located on

equatorial planes, starting out from limit angles, Q21 can be
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taken to be Q11 (With regard to i2 = 0°, ascending nodes already
have no significance. 1In all cases, relevent parameters are
understood from limit angles). As a result, from equation (5)
and equation (6), one has

Q_-0Q,=1,Q,-Q) 26)

Taking equation (26) and substituting into equation (25), one
gets

sinfd, — 1 (Q, —Q,)]=0 27,

This is nothing else than to say that 0, should be chosen
from among the two values tT (QT-Q2¥ and 180° tT (QT-QZ)
in order to work in concert with‘Gl (0° or 180°), making dual
tangential conditions achieve adequacy. It should be brought up
that @, here is measured using Q22, calculated in accordance with
equation (6), as datum. If one uses Q21 (that is, Q1l1) as
measurement datum, angular distances 0; associated with /17
second orbital change points can provide selection values as tT AQT

and 180° + tT Q..

T

V. CONCLUSIONS

Due to the existence of orbital perturbations, research o=
optimal transfers between two circular orbits requires
considering their influences. Wher orbital perturbations are not
figured in, optimal transfer blans solved for between two
circular orbits are only one type of approximate solution to
actual problems. When figuring in orbital perturbations given
rise to by flattening associated with the earth, this article

gives dual pulse type optimal transfer plans carried out along

11




dual tangential elliptical orbits (using minimal orbital change

energies to act as an index of optimizaton). Relevent formulae

are capable of supplying preliminary design uses in engineering.
In conjunction with this--in regard to solving dual tangential
optimized rendezvous problems associated with two spacecraft in
different planes (considering the effects of flattening
associated with the earth)--there will also be some benefits.
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